Abstract We consider an effective viscous pressure as the result of a backreaction of inhomogeneities within Buchert's formalism. The use of an effective metric with a time-dependent curvature radius allows us to calculate the luminosity distance of the backreaction model. This quantity is different from its counterpart for a "conventional" spatially flat bulk viscous fluid universe. Both expressions are tested against the SNIa data of the Union2.1 sample with only marginally different results for the distance-redshift relation and in accordance with the ΛCDM model. Future observations are expected to be able to discriminate among these models on the basis of indirect measurements of the curvature evolution.
tensions, however, see [1] ), the physical nature of some of its main ingredients, notably the components of the "dark sector" remains vague. Despite of many efforts in numerous ongoing projects no direct detection of dark matter has been realized so far. Dark energy is even more elusive unless one is willing to accept a cosmological constant as an additional constant of nature. There is therefore continuing motivation to keep an eye on approaches that modify or alter the standard picture. A rather radical route is to abandon General Relativity (GR) as the correct theory of gravitation and to replace it by a more general framework in which the dark components are no longer matter components but become part of the geometric sector of the generalized field equations (see, e.g., [2, 3] ). A more conservative way which also tries to understand the dark sector of the standard model in geometrical terms is the backreaction approach. This approach generalizes the cosmological principle insofar as it does not take for granted the existence of a highly symmetric homogeneous and isotropic background but regards the Universe to be only statistically homogeneous and isotropic. The problem that arises is how to perform the required averages over inhomogeneous matter and space-time configurations. This is intimately related to the "fitting problem" [4] , a fundamental issue for theoretical and observational cosmology.
While the appropriate definition of averages in GR and particularly in cosmology remains an open issue, there are approaches which are supposed to capture important aspects of the problem. Several averaging procedures have been discussed in the literature [5, 6, 7, 8, 9, 10, 11] . Reviews of the status of the field can be found in [13, 14, 15, 16, 17] .
Taking into account backreaction from spatial inhomogeneities on the average large-scale homogeneous cosmological dynamics has been considered to be a promising route to describe the evolution of the late, matter-dominated Universe. Here we focus on Buchert's approach which relies of an average of scalar quantities over spatial hypersurfaces [7] . In Buchert's equations for the volume scale factor of an irrotational dust universe there appear two types of additional contributions compared with the standard Friedmann-Lemaître-Robertson-Walker (FLRW) dynamics: a kinematic backreaction and an averaged curvature term. These two terms are related to each other by a consistency condition. It is a specific feature of Buchert's approach that kinematic backreaction and averaged curvature can be combined into an effective energy density and an effective pressure. Then the dynamics of the volume scale factor formally coincides with that of a two-fluid universe, one component being dust, the other one the effective backreaction fluid. The difference is that the volume scale factor is not the scale factor of a Robertson-Walker (RW) metric since, through the averaging operation, the scale factor must be scale-dependent.
The backreaction fluid has been modeled as a scalar field [20] and as a Chaplygin gas [21] . In conventional standard cosmology a scalar field is introduced as an additional component in the matter sector which is supposed to describe dark energy, a component with a sufficiently large negative pressure to account for the accelerated expansion of the Universe. In the backreaction picture, on the other hand, it is not an additional component but it is of ge-ometric origin in an otherwise pure dust universe. A similar comment holds for the Chaplygin gas. Whether or not the backreaction is sufficiently strong to reproduce the observational data without the necessity of dark-energy is a much debated problem [22, 23] .
While conceptually appealing, Buchert's backreaction picture so far lacks a natural method to describe light propagation and hence relate the general dynamics to observations which require data on the light cone, not on the spatial hypersurfaces on which the averages are performed. This raises the problem of how to relate the quantities of the backreaction formalism to observations. There is no space-time metric to which the usual condition ds 2 = 0 for light propagation could be applied. Studies of light propagation in backreaction cosmology have been performed, e.g., in [24, 25] and [26] . A provisional way to deal with this issue has been to assume the existence of a template metric [18, 19] in which the volume scale factor is supposed to play the role of a "conventional" scale factor as in the RW metric, although the template metric is not required to be a solution of the field equations. Moreover, the averaged curvature is assumed to be describable by a curvature term in the template metric. Since, however, there is, in general, no constant curvature as in FLRW models, one has a different curvature "constant" on each slice t = constant. Through this procedure the curvature evolution is made compatible with the exact average properties of the universe model.
Obviously one has to face the question, whether an effective backreaction fluid (or scalar field) of geometric origin is observationally distinguishable from a "true" fluid component, i.e., an additional form of matter as, e.g., quintessence. We shall address this point here using a bulk viscous fluid as an example. Like Chaplygin gases, bulk viscous fluids have been discussed as potential candidates for a unified description of the dark sector [27, 28, 29, 30, 31, 32, 33, 34] . Bulk viscous models can account for the background dynamics and for the large-scale-structure data [34] . They do less well in describing the CMB spectrum [31] . The idea of a viscosity-dominated late epoch of the Universe with accelerated expansion was already mentioned in [35] , long before the direct observational evidence for an accelerated expansion through the SN Ia data.
Assuming the dark sector of the cosmic medium to behave as a bulk viscous fluid has always provoked the question of the origin of the viscosity. Nonstandard interactions have to be postulated to generate a negative pressure of the required order [36, 37] . This reflects our ignorance concerning the nature of the dark sector. If, however, a cosmic bulk viscosity can arise as the result of a backreaction of inhomogeneities, it would have a natural geometric interpretation. In this new context also the observational status of the model has to be reconsidered.
Our strategy is to start with a pure dust universe and to identify the kinematic backreaction and the averaged curvature that would dynamically be equivalent to a universe made of nonrelativistic matter and a bulk viscous fluid. To study observational implications of this approach we calculate the luminosity distance in the backreaction model under the additional assumption of the existence of an effective homogeneous metric in which the curvature "constant" is different for each slice t = constant. Using the Union2.1 sample we compare this result with the luminosity distance of a "conventional" bulk viscous fluid dynamics in a spatially flat universe. We regard this to be a simple analytically tractable toy model to demonstrate various aspects of cosmological backreaction dynamics.
The paper is organized as follows. Section 2 recalls the basic relations of Buchert's backreaction formalism. The representation in terms of an effective fluid is the subject of section 3. In section 4 we introduce a domain-dependent effective viscous pressure which will be related to effective curvature and kinematical backreaction in section 5. With the help of an effective metric we determine the luminosity distance within this model in section 6 and discuss observational consequences. Finally, section 7 summarizes our main conclusions.
The Buchert equations
Assuming a matter content of irrotational dust, the Buchert equations are [7] 
and
where Q D is the kinematical backreaction
and R D is the averaged three curvature
obtained from the three-curvature scalar 3 R of the hypersurface t = constant. The quantities Q D and R D obey the consistency relation
The averages that appear in these equations are volume averages of scalar quantities S(t, r) over a rest mass preserving domain D in the t = const hypersurfaces,
where |g ij | is the determinant of the spatial three-metric on time-orthogonal hypersurfaces. The volume scale factor is defined by
where
is a reference volume of the domain at a time t 0 which will be identified with the present time. Throughout we assume a nonsingular evolution of the dust configuration, something which is not necessarily guaranteed.
Introducing the parameters
the Friedmann-type equation (1) is written as
Additionally to the matter contribution Ω 
Effective fluid description

General relations
We may define an effective backreaction fluid (see [12] ) by (the subindex b denotes backreaction)
where ρ bD is an effective energy density and p bD is an effective pressure. This leads to the Friedmann-type set of equations
which impliesρ
for the backreaction fluid. Then one may introduce a total energy density ρ D ,
together with the total pressure p D ≡ p bD such that the conservation laẇ
holds. The effective equation-of-state (EoS) parameter of the backreaction fluid is
A domain dependent deceleration parameter is defined by 
The effective fluid picture has been used to model the cosmological scalar-field dynamics [20] and the unified description of the dark sector with the help of a Chaplygin gas [21] in terms of backreaction and averaged curvature variables.
Example cosmological constant
The simplest example to be constructed is that of a cosmological constant described through effective fluid quantities. A dynamics that mimics a cosmological constant would be equivalent to p
Combining this condition with relations (11) we find
The resulting explicit expressions for p bD and ρ bD then are
A domain-dependent constant kinematical backreaction Q D together with a constant negative averaged curvature
Notice that a positive Q D corresponds to a negative Ω D Q and a negative averaged curvature R D with Ω D R > 0 and a curvature radius
Its present value
is of the order of the Hubble length of the domain under consideration. If we take this domain to be the observable Universe, this curvature radius is of the gigaparsec scale. Can one discriminate between an effective cosmological constant as a result of backreaction and a "true" cosmological constant? We shall come back to this in a later section.
Domain-dependent viscous fluid
Bulk viscous fluids have been discussed as potential candidates for a unified description of dark matter and dark energy [27, 28, 29, 30, 31, 32, 33, 34] . Our interest here is to reconsider such models in a backreaction context.
A bulk viscous fluid in the domain D is characterized by an EoS
We have replaced here the previously introduced general backreaction index b by a subindex v which stands for "viscous" to indicate that we are dealing with the special case of a viscous fluid. For simplicity we shall assume that ζ D remains constant over the domain D. (16) with (25) as
where we have used (12) . Integration yields
where ρ D0 is the present value of ρ D and
The present value of a D was set equal to unity. According to (28) the energy density changes from
In the distant past it behaves like matter, in the distant future it mimics a cosmological constant. It is this feature that made viscous fluids candidates for a unified description of dark matter and dark energy.
The deceleration parameter is given by
It is convenient to relate the constant A D to the present value q D0 of q D :
For ζ D = 0 one has A D = 0 and, consequently, q D0 = 1 2 which is the correct limit of an Einstein-de Sitter universe.
Introducing the abbreviations
the Hubble rate in terms of the present value of the deceleration parameter then becomes
Since
D , the energy density that corresponds to the viscous fluid is the difference between the total and the matter energies,
and for the pressure we have
From (33) - (35) it is obvious that the dynamics is entirely determined by the parameters H D0 , q D0 and ρ m D0 .
Viscous fluid from backreaction?
Let us investigate now, whether backreaction and the averaged scalar curvature in the domain D can be modeled in terms of an effective bulk viscosity. We identify the energy density in (11) with (34) and the pressure in (11) with (35), i.e.,
Solving for the backreaction quantities Q D and R D results in
respectively. The combination
determines the effective pressure. Further, we have
From relation (40) it follows that accelerated expansion requires
We may relate the present value of the deceleration parameter to the present values Q D0 and R D0 :
Obviously, for vanishing Q D0 and R D0 we recover q D0 = 1 2 . Since positivity of ρ vD implies R D0 + Q D0 < 0, we reproduce Q D0 > 4πG ρ m D0 to have q D0 < 0, i.e., accelerated expansion at the present time. The backreaction has to be larger than a certain threshold value.
Combining (29) and (31), we find an explicit expression for the bulkviscosity coefficient in terms of the present values of backreaction and averaged curvature:
For R D0 + Q D0 < 0, as required for a positive energy, the denominator is always negative. For any positive Q D0 the numerator is negative as well. Recall that R D0 − 3Q D0 = 48πGp (36) and (37) are dominating the backreaction energy density,
It behaves as non-relativistic matter. Correspondingly, the effective EoS parameter (17) tends to zero for a D ≪ 1. In the opposite limit a D ≫ 1,
it acts as a cosmological constant. The volume-scale-factor dependence of the effective EoS parameter of the backreaction fluid, pvD ρvD , is shown in Fig. 1 for the best-fit values given in the first entry in Table 1 become
respectively, where
ρD0 . The corresponding fractional quantities are
The resulting deceleration parameter (19) is shown in Fig. 2 . 
and respectively. The Einstein-de Sitter universe is recovered for q D0 = ( (1 + q D0 ) 2 leaves room for a matter abundance somewhat larger than that attributed to the baryons with a fraction of the order of 0.048. In Fig. 3 the behavior of the fractional abundances is visualized for the best-fit values of Table 1 
Effective metric and luminosity distance
As already mentioned, to make contact with observations we have to rely on an additional ingredient which is not part of the formalism so far. Although we emphasized that the definition of the volume scale factor a D is not related to a space-time metric, we shall follow here the practice in the literature [18, 19] and assume the existence of an effective metric in which a D now indeed mimics a scale factor of a RW type metric which, however, is not required to satisfy the field equations. This effective metric has also to account for the averaged curvature R D for which we found the expression (46) and the corresponding fractional quantity (48). These quantities define a curvature radius
the present value of which is of the order of the domain-dependent present Hubble radius. This suggests an effective metric with the effective scale factor a D (cf. Roukema et al. [39] ),
generalizing the RW metric which is recovered for R −1 cD = |k| = const. Here, R cD is a time-dependent quantity such that each slice t = constant is characterized by a different curvature. By comparing the backreaction dynamics with the dynamics based on the standard RW metric we assume an averaging volume of the size of the observable Universe. On this basis radial light propagation is described by
With (33) we find for r(a D ),
Introducing an effective redshift prameter
and determine a distance modulus
with µ D0 = 42.384−5 log h D , where h D is defined by H D0 = 100h D kms −1 Mpc −1 . By adopting the values from the standard analysis we imply that the averaging scale is the size of the observable Universe. Then we may contrast these relations with those of a spatially flat "conventional" bulk viscous fluid universe where the bulk viscous fluid is part of the matter sector. The formal calculations then are very similar to the steps in section 4. In particular, the Hubble rate has the structure (33) as well. The difference is that the volume scale factor a D in (33) is replaced by the scale factor a of the RW metric and the subscripts D become superfluous. Then H(z) = 
which is used in the distance modulus
with µ 0 = 42.384 − 5 log h. In Figs. 4 and 5, using the data from the Union2.1 sample [40] , we compare the results for the backreaction fluid model based on (55) with those of the "conventional" spatially flat bulk viscous model based on (57). While there are differences, these are apparently not large enough to clearly discriminate between both models. For comparison we have also included the result for the ΛCDM model. As far as the analysis of the supernova data is concerned, our conclusion is that the backreaction model with its large curvature contribution yields similar results as the corresponding flat model. This brings us also back to the ΛCDM dynamics with a backreac- 
with the cosmological backreaction constant (22) and the curvature radius (23) . Using the SNIa sample again, we look for the best-fit values for each of these cases which are shown in the last two entries in Table 1 . The results are presented in Fig. 6 . The standard ΛCDM model seems to fare slightly better but without being clearly superior to the backreaction dynamics. 
Summary
We investigated the possibility that a cosmological bulk viscous fluid dynamics is the result of a backreaction due to averaged inhomogeneities in a pure dust universe. We quantified the dynamical backreaction and the averaged curvature throughout the matter period of the cosmological evolution. With the help of an effective metric with time-dependent spatial curvature we tested this model against the SNIa observations of the Union2.1 sample. We did not find substantial differences to the results of a standard analysis for a spatially flat bulk-viscous cosmology. To the best of our knowledge such type of interpreting observations of one and the same specific model both in the backreaction context and in the standard way has not been performed so far. A similar comment holds for an effective cosmological constant model in which the dynamics of a cosmological constant is mimicked by a combination of kinematic backreaction and average curvature. In this perspective the backreaction picture is apparently compatible with respect to the interpretation of the SNIa data. Whether or not it will pass also other tests will be the subject of future research.
The crucial difference between the backreaction models and the standard FLRW descriptions is the existence of a curvature evolution in the former while the FLRW models come with a constant (in most cases vanishing) curvature. In [41] a useful quantity has been introduced which is identically zero for all FLRW configurations but not for more general models. For a class of curvatureevolution models this quantity was discussed in [19] . On this basis, according to the authors of [19] , future results from the Euclid mission [42] are expected to be able to discriminate between curvature-evolution models and models with constant curvature.
